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Multilayered Shell Theories Accounting for Layerwise Mixed
Description, Part 2: Numerical Evaluations

Erasmo Carrera¤

Politecnico di Torino, 10129 Turin, Italy

The mixed layerwise shell theories that are presented in the companion article (E. Carrera, “Multilayered
Shell Theories Accounting for Layerwise Mixed Description, Part 1: Governing Equations” AIAA Journal, Vol.
37, No. 9, 1999, pp. 1107–1116) are evaluated here by solving several problems related to orthotropic cross-ply
laminated, circular, cylindrical, and spherical shells subjected to static loadings for which closed-form solutions
are given. Particular cases related to layerwise and equivalent single-layer models, based on classical displacement
formulations, are evaluated for comparison purpose. A further comparison with three-dimensional elasticity exact
solutions and to other higher-order shear deformations studies have been made. Results are given in the form of
tables and diagrams. Approximations introduced by Donnell’s shallow shell theories are evaluated for most of the
problems. It has been concluded that the proposed mixed layerwise theories leads to a better description than
the related analyses, which are based on displacement formulations. An excellent agreement, with respect to the
exact solution, has been found for displacement and transverse stress components. These stresses have been herein
calculated a priori. The importance of an adequate description of curvature terms related to the shell thickness to
radii ratio h/R is also underlined. These effects have been contrasted by extensive use of � ctitious interfaces in the
conduced layerwise investigations.

I. Closed-Form Solutions for Shells Composed
of Orthotropic Layers

T HE author’s paper1 has presented the governing equations
of multilayered shell according to mixed layerwise descrip-

tions. The boundary value problem governed by Eqs. (16–17) and
Eqs. (27–28) of Ref. 1, in the most generalcase of geometry,bound-
ary conditions, and layouts, could be solved by only implementing
approximated solution procedures. To assess the proposed models
these equationsare herein solved for a special case in which closed-
form solutions are given. The particular case in which the material
has the properties (as it is the case of cross-ply shells)
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has been considered, for which Navier-type closed-form solutions
can be found by assuming the following harmonic forms for the
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where ®k ; ¯k ; zk are curvilinearcoordinatesof the orthogonalrefer-
ence system that lie on the reference surface of the k-layer Äk . The
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ak and bk are the shell lengths in the ®k and ¯k directions, respec-
tively,whereasm andn are thecorrespondentwavenumbers.Capital
letters on the left-hand side denote correspondentmaximum ampli-
tudes. Further nomenclature can be read in Ref. 1. The assumed
functions correspond to simply supported shells. Upon substitution
of Eqs. (1) the governing equations assume the form of a linear
system of algebraic equations. The explicit forms assumed by the
k-layer arrays that were derived in Ref. 1 are not shown here for
the sake of brevity. These could easily be derived from those in
Eqs. (20 –25) and Eqs. (30–31) of Ref. 1. Related multilayered ar-
rays are then written by implementing the same assemblage proce-
dure described in Sec. VII of Ref. 1. This procedurehas been coded
and the results are discussed in the next sections.

II. Implemented Analyses
A number of comparisons have been made to evaluate the per-

formance of the proposed layerwise mixed theories with respect
to exact three-dimensional solutions, as well as related analyses
based on displacement formulations [of layerwise modal (LWM)
and equivalent single-layer model (ESLM) type]. A compendium
of the acronyms used to denote the theories has been given in Table
1. Continuous reference to these acronyms is made in the subse-
quent discussion. Those theories implemented in the present study
are brie� y outlined in this section. In a few cases the tables re-
port results related to Donnell-type approximations and a suf� x
:1 has been added to the acronyms to indicate this.

A. Layerwise Models
Two cases of mixed models of Sec. III of Ref. 1 have been con-

sidered. A linear expansion (M-l) in each k layer,
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and a parabolic expansion (M-p),
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Table 1 List of the acronyms used to denote three-dimensional
and two-dimensional plate theories, in alphabetic order

Designation Description

CLT Classical lamination theory
D-lN ¤

l , D-pN¤
l Present LWMs based on displacements formulation,

l and p refer to linear and parabolic expansion,
N ¤

l is the numbers of mathematical interfaces
ESLM Present equivalent single-layer model
E-l, E-p Present ESLM with linear and parabolic

displacements � elds [Eqs. (4) and (5)]
E-la E-l implementing shear correction factor
E-lb E-l neglecting transverse normal stress
E-lc E-lb implementing shear correction factor
Exact Three-dimensional solutions in Refs. 2 and 3
FSDT First-order shear deformation theory
F-R FSDT by Reddy16

F-J&T FSDT taken by Jing and Tzeng4

HSDT Higher-order shear deformation theory
H-B&V HSDT by Bhaskar and Varadan5

H.a-B&V H-B&V results with shear stress computed
by assumed models.

H.b-B&V H-B&V results with shear stress computed
via integration of three-dimensional
equilibrium equations

H-D&P HSDT by Dennis and Palazotto7

H-J&T HSDT by Jing and Tzeng4

H-K&al HSDT by Librescu et al.15

H-R&L HSDT by Reddy and Liu16

LWM Layerwise model
M-pN ¤

l , M-lN
¤
l Present mixed LWMs [Eqs. (2) and (3)]

:1 Donnell-type approximations

and³k D zk=.2hk/ is a nondimensionedtransversecoordinate(hk de-
notes the layer thickness). Expansion restricted to the displacement
� elds is used in the two cases (D-p and D-l) based on displace-
ment formulation.Fictitious, mathematical interfaces have been in-
troduced in the calculation both to improve the displacement and
stress � elds and to reduce the curvature approximations related to
the thickness to radii shell ratio h=R (as in Ref. 1 the geometrical
parameters that are not affected by the k superscript or subscript
refer to the whole multilayered shell referencesurface Ä). The total
number of interfaces is denoted by N ¤

l . If it is different than Nl , it
will be shown as a superscript (or in brackets in the � gures) in cor-
respondence to the acronyms of the considered layerwise results.
The two following cases are implemented next: N ¤

l D 2 £ Nl and
N ¤

l D 5 £ Nl .

B. Equivalent Single-Layer Models
As discussedin AppendixA of Ref. 1, equivalentsingle-layerthe-

ories havebeen restrictedto thedisplacementformulation.To obtain
classical theories as particular cases, the use of power expansion in
terms of the whole thickness coordinate z (centered at the shell
middle surface) has been preferred to the Legendre polynomials.

First the quadratic expansion has been considered (E-p):

u D Ft ut C Fbub C F2u2 .4/

where

Ft D 1; Fb D z; F2 D z2

and are now given in terms of the multilayered shell coordinate z.
The variable ut takes on the meaning of displacement vector in
correspondence to the middle surface Ä of the shell, while ub and
u2 assume the meaning of the � rst and second variation of u on Ä,
respectively.

The linear case (E-l) is written simply as

u D Ft ut C Fbub .5/

The shear correction factor Â can be associated to the previous
model (E-la): thevalueÂ D 5

6 is referredto.Transversenormal strain
effects can be considered in an easier manner than the Legendre
expansion. It is suf� cient to discard the linear term in the expansion
of the transverse component uz in Eq. (5). The resulting model

(E-lb) is almost coincident with the well-known � rst-order shear
deformation theory (FSDT). E-lc corresponds to the case in which
a shear correction factor is introduced into the E-lb analysis.

III. Results and Discussion
In this section implemented theories are compared to the ex-

act analyses given by Refs. 2 and 3 and to other ESLM analyses
that are known as higher-ordershear deformation theories (HSDT)
(Table 1). The two HSDT models by Jing and Tzeng4 and Bhaskar
and Varadan,5 where the Reissner mixed variational equation was
employed to derive ESLM theories, are of particular interest.

In-plane and out-of-plane displacement and stress components
are compared.The valuesof the transverseshearandnormalstresses
related to the present investigation are those a priori calculated di-
rectly by the assumed stress model in Eqs. (2) and (3), i.e., they
are available only for the mixed cases. Displacement formulations
would requiretheuseof a postprocessingprocedure,e.g., integration
of the inde� nite equilibrium equations. This postprocessingproce-
dure has not been implemented at this stage. In this respect, the re-
sults that have alreadybeen obtained for plates should be expected.6

Values corresponding to the plate point in which the stresses and
displacements assume their maximum amplitudes in Eqs. (1) are
shown in the � gures, which give the distribution of these ampli-
tudes (as ordinate) vs the plate thickness direction (as abscissa). In
all of the consideredanalyses the shells are bent by a transversehar-
monic distributionof normal pressureapplied to the top (external)or
bottom (internal) surface of the whole shell. Symmetrically and un-
symmetrically laminated, as well as sandwich thick and thin shells,
have been analyzed. A vast numerical investigation has been con-
ducted. The most signi� cant results are described in the following
sections.

A. Ren’s Cylindrical Panels
Exact solutions were considered by Ren2 for cylindrical panels

cross-ply laminated in cylindricalbending.The case of a transverse
pressure applied to the top (external) layer was considered:

pNl
zt

D
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n
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sin
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.6/

The geometrical data (Fig. 1) are n D 1; R¯=b D ¼=3, and the
mechanical data are EL D 25 £ 106 psi (172 GPa), ET D 106 psi
(6.9 GPa), G LT D 0:5 £ 106 psi (3.4 GPa), GT T D 0:2 £ 106 psi
(1.4 GPa), ºLT D ºT T D 0:25, where, following the usual notations,
L signi� es the � ber direction, T the transverse direction, and
ºL T is the major Poisson ratio. The material is assumed to be
square-symmetric and consistent units are referred to. Laminas of
equal thickness are analyzed. Four cross-plied panels are consid-
ered according to the following lamination schemes: one layer,
90 deg; two layers, 0=90 deg; three layers, 90=0=90 deg; � ve layers,
90=0=90=0=90 deg. Layers are numbered, starting from the shell
bottom (internal surface). It is also intended that the � ber L orien-
tation coincides with the ®k -layer directions.

Fig. 1 Geometrical notations used for the investigated cylindrical pan-
els, spherical panels, and cylindrical shells.
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Table 2 Comparison of present analyses to three-dimensional exact
solutions by Ren2 (case a: single-layer case, 90 deg; transverse

displacement and transverse shear stress amplitude)

R¯=h 2 4 10 50 100

NUz D Uz £ .10ET h3=P1
zb

R4
¯ /; z D 0

Exact 0.9986 0.312 0.115 0.077 0.0755
CLT 0.0764 0.0752 0.0749 0.0748 0.0748
H-D&P 0.803 0.278 0.108 0.0762 0.0751

Present LWM
M-p 1.094 0.3219 0.1151 0.0770 0.0755
M-p2 1.030 0.3140 0.1147 0.0770 0.0755
M-p5 1.000 0.3121 0.1146 0.0770 0.0755
M-p5 :1 0.7790 0.2450 0.0905 0.0608 0.0597
M-l2 1.183 0.3466 0.1190 0.0771 0.0756
M-l5 0.9727 0.3097 0.1156 0.0770 0.0755
D-p 0.8905 0.2778 0.1087 0.0767 0.0755
D-p2 0.9628 0.3071 0.1142 0.0770 0.0755
D-p5 0.9940 0.3117 0.1146 0.0770 0.0755
D-l 0.9104 0.2793 0.1085 0.0764 0.0752
D-l2 0.8787 0.2773 0.1087 0.0767 0.0754
D-l5 0.9606 0.3040 0.1134 0.0770 0.0755

Present ESLM
E-p 0.9704 0.2874 0.1090 0.0767 0.0754
E-l 0.8933 0.2781 0.1085 0.0764 0.0752
E-l:1 0.6980 0.2181 0.0854 0.0602 0.0593
E-la 1.054 0.3171 0.1146 0.0767 0.0752
E-lb 0.9784 0.2798 0.1076 0.0764 0.0752
E-lc 1.123 0.3191 0.1135 0.0766 0.0752

NS¯z D jS¯z £ .h=P1
zb

R¯ /j; z D 0

Exact 0.555 0.572 0.579 0.568 0.565
M-p 0.7031 0.6328 0.5906 0.5681 0.5653
M-p2 0.4614 0.5295 0.5699 0.5673 0.5661
M-p5 0.5673 0.5715 0.5796 0.5677 0.5652

Table 3 Comparison of present analyses to three-dimensional exact
solutions by Ren2 [case b: antisymmetric two-layer case, 0/90 deg;

transverse displacement amplitude; ÅUz = Uz £ (10ETh3/P1
zb

R4
¯ ) at z = 0]

R¯=h 2 4 10 50 100

Exact 2.079 0.854 0.493 0.409 0.403
CLT 0.499 0.447 0.417 0.402 0.400

Present LWM
M-p 2.111 0.8570 0.4935 0.4088 0.4032
M-p4 2.087 0.8543 0.4932 0.4088 0.4032
M-p10 2.080 0.8537 0.4932 0.4088 0.4032
M-p10:1 1.571 0.6539 0.3841 0.3221 0.3181
M-l 2.005 0.8477 0.4985 0.4089 0.4033
M-l4 2.046 0.8541 0.4938 0.4088 0.4032
M-l10 2.082 0.8539 0.4932 0.4088 0.4032
D-p 1.968 0.8232 0.4880 0.4086 0.4031
D-p4 2.070 0.8513 0.4928 0.4088 0.4031
D-p10 2.078 0.8535 0.4932 0.4088 0.4031
D-l 1.894 0.8081 0.5945 0.4066 0.4012
D-l4 1.950 0.8195 0.4871 0.4081 0.4026
D-l10 2.052 0.8470 0.4920 0.4087 0.4031

Present ESLM
E-p 2.007 0.8100 0.4839 0.4080 0.4028
E-l 1.849 0.7815 0.4737 0.4014 0.3964
E-l:1 1.383 0.5893 0.3635 0.3135 0.3103
E-la 2.096 0.8725 0.4942 0.4023 0.3972
E-lb 1.914 0.7847 0.4730 0.3986 0.3984
E-lc 2.174 0.8425 0.4815 0.3990 0.3935

Tables 2–4 compare the present analyses to exact solutions and
to the previously mentioned HSDT results. In particular, the the-
ory H-D&P7 ful� lls the homogeneousconditions for the transverse
shear stresses. Interlaminar equilibrium is also ful� lled by the H-
B&V5 analysis. One-, two-, and three-layered panels are consid-
ered in Tables 2, 3, and 4, respectively. Transverse displacement
and transverse shear stress values are compared. The � rst four dig-
its are usually shown. CLT solutions are also taken from Ref. 2.
Five different thicknessratioshavebeen investigated.The layerwise
analysis implements � ctitious interfaces. For the one-layer case the

Table 4 Comparison of present analyses to three-dimensional exact
solutions by Ren2 (case c: symmetric three-layer case, 90/0/90 deg;

transverse displacement and transverse shear stress amplitude)

R¯ =h 2 4 10 50 100

NUz D Uz £ .10ET h3=P1
zb

R4
¯ /; z D 0

Exact 1.436 0.457 0.144 0.0808 0.0787
CLT 0.0799 0.0781 0.0777 0.0776 0.0776
H-D&P 1.141 0.382 0.128 0.0796 0.0781
H-J&T —— 0.459 0.142 0.0802 0.0780
F-J&T —— 0.342 0.120 0.0793 0.0780

Present LWM
M-p 1.456 0.4593 0.1440 0.0808 0.0786
M-p6 1.438 0.4582 0.1440 0.0808 0.0786
M-p15 1.436 0.4582 0.1440 0.0808 0.0787
M-l 1.369 0.4424 0.1425 0.0808 0.0786
M-l6 1.409 0.4564 0.1440 0.0808 0.0786
M-l6 1.434 0.4581 0.1440 0.0808 0.0787
D-p 1.398 0.4543 0.1440 0.0808 0.0786
D-p6 1.431 0.4579 0.1440 0.0808 0.0786
D-p15 1.436 0.4582 0.1440 0.0808 0.0786
D-l 1.363 0.4407 0.1439 0.0807 0.0785
D-l6 1.378 0.4506 0.1431 0.0808 0.0786
D-l15 1.424 0.4568 0.1439 0.0808 0.0786

Present ESLM
E-p 1.183 0.3391 0.1192 0.0779 0.0783
E-l 1.108 0.3300 0.1187 0.0795 0.0780
E-l:1 0.8682 0.2591 0.0935 0.0627 0.0615
E-la 1.311 0.3787 0.1263 0.0798 0.0781
E-lb 1.164 0.3317 0.1179 0.0794 0.0780
E-lc 1.379 0.3808 0.1253 0.0797 0.0780

NS¯ z D jS¯z £ .h=P1
zb

R¯ /j; z D 0

Exact 0.394 0.476 0.525 0.526 0.523
H-D&P 0.287 0.326 0.340 0.334 0.217
H-J&T —— 0.511 0.574 0.576 0.574
F-J&T —— 0.225 0.225 0.225 0.225
M-p 0.402 0.487 0.527 0.525 0.523
M-p15 0.391 0.476 0.525 0.526 0.523

mixed solutionhas been restricted to the parabolicexpansion.In the
case of a multilayered shell, top-bottom homogeneous conditions
for the transverse shear stress could not be imposed for the linear
expansionof Eqs. (2). In fact, their linkagewould require discarding
the stiffness and/or compliance contributions related to the top and
bottom shell layers. These conditions have therefore not been con-
sidered in all the illustrated M-l results. The following comments
can be made about the Table 2–4 results:

1) Excellent agreement between M-p and exact results has been
found for both displacement and transverse stresses even though
very thick panels were considered.A betterdescriptionwith respect
to the related layerwise analyses based on displacement formula-
tions should be registered.

2) An acceptable convergence rate of the layerwise model has
been found for thick shells. Because of the further approximations
concerning curvature terms, such a rate is slower than those found
for the plate cases8 (see also the discussionby Jing and Tzeng4 and
Voyiadis and Shi9 ).

3) For the one-layer case M-p, D-p, and D-l consist of ESLM
results.Approximationsrelated to curvatureeffectsaremore evident
in this case.

4) D-l analysis can lead to a better description of the de� ec-
tions with respect to the D-p cases. This unexpected result must be
considered because a local value is concerned (see discussion of
Table 5–7 results).

5) The accuracy of the LW results is independent of the lamina-
tion scheme. As veri� ed for the plate cases,6 the already mentioned
HSDT analyses (D&P, J&T) give a better accuracy in the case of
symmetric through the thickness distribution of displacement and
stress � elds. In fact, the results were restricted to symmetrically
laminatedpanels in these papers. It has also been con� rmed that the
use of shear correctionfactors,being problemdependent,10;11 could
be meaningless for thick shell analyses.

6) Results related to different theories merge for thin shells.
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7) As Donnell’s approximationsare relatedto the R¯ =b ratio these
are not affected by the R¯ =h ratio.

It is of certain interest to notice that stress and displacement for-
mulations lead to a lower and higherestimate of the shell stiffnessas
far as the exact three-dimensional solutions are concerned. In fact,
D-p and D-l displacement values are always lower than the exact
ones. In the mixed cases a unique conclusioncannot be drawn: This
very much depends on the relative role played by the in-plane and
out-of-plane energy and the results obviously become problem de-
pendent.For most of the consideredproblems it has been found that
mixed and displacement solutions lead to higher and lower approx-
imations for the displacements, respectively.

The thickness distributionsof displacement and transverse stress
amplitudeshavebeenplottedin Figs. 2–6.Figure2 comparespresent
mixed and displacements layerwise studies to Ren’s exact results,2

and FSDT and HSDT solutions by Jing and Tzeng.4 For the exact
case, only interface values have been drawn. When different from
Nl the mathematical interfacesused havebeen indicated in brackets.
The excellentagreementof the proposed mixed analysis in compar-
ison with the exact ones found in Tables 2–4 has been con� rmed.
The superiority of the mixed analysis with respect to the displace-
ment one becomesmore evidentfor lower N ¤

l values.A fundamental
limitationof the ESLM analysis also emerges: Even though ESLMs
are based on mixed principles, as is the case of Ref. 4, they cannot
improve the shell response in whole thickness � elds6 ;12 transverse
normalstress and relatedeffectsareneglectedin Ref. 4. An excellent
agreement with the exact solution has been con� rmed for the trans-
verse shear stress case of Fig. 3. Larger errors have to register by the
stress evaluated in Ref. 4 with respect to the M-p results (stresses
related to the J&T results are those obtained via integration of the

Fig. 2 Amplitude of in-plane displacement ÅU¯ = U¯ £ (100ETh2/
PNlzt R

3
¯ ) vs z: Ren’s cylindrical panel with R¯ /h = 4; three-layer case.

Fig. 3 Amplitude of transverse shear stress ÅS¯z = jj S¯z £ (h/PNl
zt R¯ ) jj vs

z: Ren’s cylindrical panel with R¯ /h = 4; three-layer case.

Fig. 4 Amplitude of in-plane displacements ÅU¯ = U¯ £ (100ETh2/
PNlzt R

3
¯

) vs z: Ren’s cylindrical panel with R¯ /h = 4, � ve-layer case.

Fig. 5 Effect of R¯ /h on the amplitude of the transverse displacement
increment ÅUz ¡ ÅUc = (Uz ¡ Uc ) £ (10ET h3 /PNl

zt R4
¯

) vs z/2h: two-layer
case of Ren’s cylindrical panel.

Fig. 6 Effect of R¯ /h on the amplitude of transverse shear stress
ÅS¯z = S¯z £ (h2/ ¡ P1

zb
R2

¯
) vs z/2h: Ren’s cylindrical panel; two-layer

case.

three-dimensional elasticity inde� nite equilibrium equations). The
preceding comments have been con� rmed for the � ve-layer case
illustrated in Fig. 4. The linear case of layerwise results are also
considered in this plot. Only physical interfaces have been used
in this diagram. Several thickness ratios are considered in Fig. 5
for the two-layer case. The D-p results are only shown for thicker
shells. The increments from their values measured at z D 0 (given
in Table 2 and denoted by Uc) are considered. Ten mathematical
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interfaceshave been used in the calculationto guaranteeconvergent
solutions.Becauseof the transversestrain effects, it has been shown
that thicker plates manifest higher variationsof transversedisplace-
ment as well as nonsymmetric distributions. The same laminate is
considered in Fig. 6, where transverse shear stress is evaluated (see
also the exact solution in Ref. 2). It should be noticed that, even
for thin shells, the parabolic distribution of shear stresses, usually
assumed by corrected FSDT analysis, could become meaningless
for these asymmetrically laminated panels.

B. Varadan and Bhaskar’s Cylindrical Shells
Varadan and Bhaskar3 considered exact solutions for cross-ply

laminated, cylindrical shells, subjected to transversepressure at the
bottom (internal) surface,

p1
zb

D
X

m ;n

P1
zb

sin
m¼®

a
sin

n¼¯

b
.7/

The geometrical data are (see Fig. 1): a=R¯ D 4, m D 1, n D 8.
The mechanical data are EL =ET D 25, G LT =ET D 0:5, GT T =ET D
0.2,ºL T D ºT T D 0:25.The followinglaminationschemeshavebeen
considered: 2 layers, 0=90 deg; 3 layers, 90=0=90 deg; 4 lay-
ers, 90=0=90=0 deg; 5 layers, 90=0=90=0=90 deg; and 10 layers,
[90=0=90=0=90 deg]s .

Wherever available, comparisons are made with other HSDT so-
lutions that were given by the same authors5 by using a Reissner
mixed variational equation to derive ESLM studies. A less accu-
rate description of curvature terms in comparison to that in Ref. 4
is furnished by the results in Ref. 5. Results on transverse normal
stresses are quoted in Tables 5–7 in addition to what has been done

Table 5 Comparison of present analyses to three-dimensional exact
solutions by Varadan and Bhaskar3 for cylindrical shells (case a:
antisymmetric two-layer case, 0/90 deg; transverse displacement,

transverse shear, and normal stress amplitudes)

R¯ =h 2 4 10 50 100

QUz D Uz £ .10EL h3=P1
zb

R4
¯ /; z D 0

Exact 14.034 6.100 3.330 2.242 1.367
Present LWM

M-p 14.309 6.107 3.352 2.242 1.367
M4-p 14.098 6.100 3.330 2.242 1.367
M10-p 14.040 6.100 3.330 2.242 1.367
M-p10 (t) 11.659 5.797 3.311 2.241 1.367
M-p10 (b) 19.458 6.378 3.318 2.242 1.367
M-p10 :1 12.156 5.254 2.015 2.015 1.279
M-l 13.012 5.999 3.329 2.243 1.368
M-l4 13.622 6.068 3.334 2.242 1.367
M-l10 14.054 6.102 3.330 2.242 1.367
D-p 13.397 5.848 3.275 2.241 1.367
D-p4 13.949 6.078 3.326 2.242 1.367
D-p10 14.021 6.099 3.330 2.242 1.367
D-l 12.539 5.688 3.246 2.231 1.364
D-l (t) 10.176 5.379 3.227 2.231 1.364
D-l (b) 17.395 5.948 3.235 2.231 1.364
D-l4 13.182 5.808 3.268 2.238 1.365
D-l10 13.851 6.042 3.332 2.242 1.367
E-p 13.213 5.830 3.310 2.247 1.369

Present ESLM
E-l 13.041 5.567 3.171 2.208 1.356
E-l (t) 9.798 5.188 3.167 2.208 1.356
E-l (b) 16.625 5.755 3.175 2.208 1.356
E-l:1 11.233 4.748 2.726 1.975 1.265
E-la 15.133 6.141 3.265 2.212 1.356
E-lb 12.155 5.463 3.172 2.205 1.356
E-lc 14.062 6.016 3.266 2.207 1.356

NSz¯ D Sz¯ £ .10h=P1
zb

R¯ /; z D ¡1=4

Exact ¡2:931 ¡4:440 ¡5:457 ¡4:785 ¡2:972
M-p4 ¡2:716 ¡4:316 ¡5:427 ¡4:783 ¡2:972
M-p10 ¡2:951 ¡4:450 ¡5:459 ¡4:785 ¡2:972

NSzz D Szz £ .1=P1
zb

/; z D 1=4

Exact ¡0:31 ¡0:70 ¡1:68 ¡6:29 ¡7:71
M4-p ¡0:30 ¡0:69 ¡1:68 ¡6:21 ¡7:70
M10-p ¡0:32 ¡0:70 ¡1:67 ¡6:29 ¡7:70

Table 6 Comparison of present analyses to three-dimensional exact
solutions by Varadan and Bhaskar3 for cylindrical shells (case b:

symmetric three-layer case, 90/0/90 deg)

R¯=h 2 4 10 50 100

QUz D Uz £ .10EL h3=P1
zb

R4
¯/; z D 0

Exact 10.11 4.009 1.223 0.5495 0.4715
H-B&V —— 3.923 1.210 —— ——

Present LWM
M-p 10.335 4.007 1.223 0.5495 0.4715
M-p6 10.149 4.009 1.223 0.5495 0.4715
M-p15 10.114 4.009 1.223 0.5495 0.4715
M-p15:1 8.862 3.532 1.077 0.4857 0.4222
D-p 9.638 3.949 1.221 0.5495 0.4715
D-p6 10.005 4.004 1.223 0.5495 0.4715
D-p15 10.109 4.007 1.223 0.5495 0.4715
D-p15 :1 8.856 3.536 1.077 0.4857 0.4222

Present ESLM
E-p 8.954 2.917 0.944 0.5384 0.4694
E-l 8.739 2.998 0.953 0.5358 0.4674
E-l:1 7.679 2.638 0.837 0.4729 0.4180
E-la 10.397 3.495 1.040 0.5392 0.4682
E-lb 8.393 2.864 0.935 0.5418 0.4666
E-lc 9.979 3.340 1.018 0.5380 0.4673

NSz¯ D Sz¯ £ .10h=P1
zb

R¯ /; z D 0

Exact ¡1:379 ¡2:349 ¡3:264 ¡3:491 ¡3:127
M-p ¡1:421 ¡2:399 ¡3:283 ¡3:492 ¡3:127
M-p6 ¡1:374 ¡2:352 ¡3:253 ¡3:492 ¡3:127
M-p5 ¡1:380 ¡2:349 ¡3:253 ¡3:491 ¡3:127

NSzz D Szz £ .1=P1
zb

/; z D 0
Exact ¡0:34 ¡0:62 ¡1:27 ¡4:85 ¡8:30
M-p ¡0:33 ¡0:60 ¡1:24 ¡4:73 ¡8:29
M-p6 ¡0:34 ¡0:62 ¡1:25 ¡4:85 ¡8:30
M-p15 ¡0:34 ¡0:62 ¡1:27 ¡4:85 ¡8:30

Table 7 Comparison of present analyses to three-dimensional exact
solutions by Varadan and Bhaskar3 for cylindrical shells (case c:

symmetric ten-layer case, [90/0/90/0/90 deg]s )

R¯=h 2 4 10 50 100

QUz D Uz £ .10EL h3=P1
zb

R4
¯/; z D 0

Exact 11.44 4.206 1.380 0.7622 0.6261
H-B&V —— 4.064 1.353 —— ——

Present LWM
M-p 11.441 4.206 1.380 0.7622 0.6261
M-p20 11.439 4.206 1.380 0.7622 0.6261
M-l 11.370 4.194 1.379 0.7622 0.6261
M-l20 11.419 4.205 1.380 0.7622 0.6261
D-p 11.412 4.205 1.380 0.7622 0.6261
D-p20 11.435 4.205 1.380 0.7622 0.6261
D-l 11.282 4.175 1.375 0.7620 0.6261
D-l20 11.379 4.198 1.378 0.7622 0.6261

Present ESLM
E-p 9.395 3.240 1.200 0.7564 0.6252
E-l 9.360 3.323 1.205 0.7517 0.6221
E-la 11.105 3.748 1.296 0.7552 0.6299
E-lb 8.965 3.192 1.187 0.7505 0.6211
E-lc 10.648 3.689 1.274 0.7537 0.6216

NSz¯ D Sz¯ £ .10h=P1
zb

R¯ /; z D 0

Exact ¡2:608 ¡3:154 ¡3:479 ¡3:425 ¡2:884
M-p ¡2:581 ¡3:137 ¡3:475 ¡3:425 ¡2:884
M-p20 ¡2:601 ¡3:150 ¡3:478 ¡3:425 ¡2:884
M-l ¡2:863 ¡3:235 ¡3:426 ¡3:342 ¡2:884
M-l20 ¡2:648 ¡3:183 ¡3:497 ¡3:440 ¡2:884

NSzz D Szz £ .1=P1
zb

/; z D 0
Exact ¡0:42 ¡0:71 ¡1:32 ¡4:76 ¡7:69
M-p ¡0:42 ¡0:71 ¡1:32 ¡4:76 ¡7:69
M-p20 ¡0:42 ¡0:71 ¡1:32 ¡4:76 ¡7:69
M-l ¡0:42 ¡0:70 ¡1:32 ¡4:76 ¡7:69
M-l20 ¡0:42 ¡0:71 ¡1:32 ¡4:76 ¡7:79
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for Ren’s cylindricalpanels.The conclusionsandcommentsreached
for the cylindrical panels can be extended to cylindrical shells. The
accuracy found for the transverse shear stress has to be con� rmed
for the transversenormal stress. Table 5 investigated the two-layers
case. As for cylindrical panels, transversedisplacementscomputed
at z D 0 related to D-l seems to be more accurate than D-p. However,
this is just a local phenomenaas can be demonstratedby comparing
the related top t and bottom b shell surface values to those corre-
sponding to the M-p analysis. The same comments can be made
for the E-l analysis. The effects of shear correction factor remains
unforeseeable for thick shell results. Three- and ten-layer cases are
considered in Tables 6 and 7. Increasing accuracy is obtained by
layerwise analyses for higher number of the Nl layers. Naturally, a
better descriptionof the curvatures terms is obtained in these cases.
This is not the case of ESLM studies. Nevertheless,H-B&V results
very much improve classical ESLM analysis.

The distributionsof stress and displacementshavebeen plotted in
the subsequent Figs. 7–10. Figure 7 compares layerwise results re-
lated to transversedisplacementdistributionsfor a three-layer case.
Case N ¤

l D 6 hasalsobeenconsidered.Larger through-the-thickness
variation of uz should be registered for the thick shell considered.
A comparison to exact and HSDT results by Bhaskar and Varadan3

are provided in the remaining � gures. Transverse shear stress for a
three- and � ve-layercase is consideredin Figs. 8 and 9. An excellent
agreementbetweentheexactstudiesand thepresentM-p evaluations
can be seen. A poor description was found for the ESLM analysis
in Ref. 5 even though the transverse shear stresses were evaluated

Fig. 7 Amplitude of transverse displacement ÄUz = Uz £ (10ELh3/
P1

zb
R4

¯ ) vs z: comparison of present LW results; Varadan and Bhaskar’s
cylindrical shells with R¯ /h = 4; three-layer case.

Fig. 8 Amplitude of transverse shear stress ÅS®z = S®z £ (10h/P1
zb

R¯ ) vs
z: Varadan and Bhaskar’s cylindrical shells with R¯ /h = 4; three-layer
case.

Fig. 9 Amplitude of transverse shear stress ÅS®z = jj S®z £ (10h/P1
zb

R¯ )jj
vs z: Varadan and Bhaskar’s cylindrical shells with R¯ /h = 4; � ve-layer
case.

Fig. 10 Amplitude of in-planer displacements ÅU¯ = U¯ £ (10ELh2/
P1

zb
R3

¯ ) vs z: Varadan and Bhaskar’s cylindrical shells with R¯ /h = 4;
10-layer case.

via integrationof the three-dimensionalinde� nite equilibriumequa-
tions (H.b-B&V). One should notice that the evaluations given in
Ref. 5 are not always conservative. Furthermore, the related trans-
verse shear stresses evaluated a priori (H.a-B&V) demonstrate, as
it was found for plates,13 ;14 that such an evaluation requires a lay-
erwise description. A ten-layer case is considered in Fig. 10 where
the distribution of the in-plane displacement has been plotted. One
couldconcludethat as Nl increasesthe accuracyof the ESLM result
decreases whereas that of LWM increases.

C. Solution for Spherical Shells
Only a few results for the sphericalshell, square panels have been

considered in this section. These panels are loaded by a harmonic
distribution of pressure applied in correspondence to the external
surface:

p1
zb

D
X

m;n

P Nl
zt

sin
m¼®

a
sin

n¼¯

b
.8/

The geometrical data (see Fig. 1) are a=h D 5, a=b D 1; m D 1,
n D 1. The mechanical data are EL =ET D 25, G LT =ET D 0:5,
GT T =ET D 0:2, ºL T D ºT T D 0:25, ºT T D 0:49.

Tables 8 and 9 give a comparison of the present studies with the
ESLM ones by Librescu et al.15 and Reddy and Liu,16 for two- and
three-layercross-pliedcases, respectively. Increasing R D R® D R¯

values are considered. Quite different results were found from
the referenced ESLM analyses, most of which were given under
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Table 8 Present analysis vs other ESLMs results: spherical panel
[case a: two-layer case, 90/0 deg; transverse displacement amplitude

ÄUz = Uz £ (103ET h3 /PNl
zt a4); z = 0]

R=a 1 2 5 10 100

F-R 4.023 8.156 11.43 12.16 12.37
H-R&L —— —— 11.17 11.90 12.16
H-K&al —— —— 11.29 11.20 12.26
H-K&al —— —— 12.01 11.91 12.17

Present ESLM
E-p 4.357 8.336 11.25 11.80 11.92
E-l 4.299 7.977 10.52 10.99 11.09
E-l:1 4.022 7.715 10.45 10.96 11.09
E-la 4.330 8.119 10.78 11.27 11.38
E-lb 4.284 7.969 10.53 10.99 11.09
E-lc 4.320 8.107 10.78 11.27 11.38

Present LWM
M-p 4.184 8.181 11.34 12.01 12.25
M-p:1 3.889 7.912 11.25 11.99 12.25
M-p6 4.148 8.180 11.34 12.01 12.25
M-l 4.133 8.159 11.31 11.99 12.23
M-l:1 3.871 7.887 11.22 11.96 12.23
M-l6 4.149 8.182 11.34 12.01 12.25
D-p 4.131 8.120 11.23 11.89 12.12
D-p:1 3.871 7.853 11.14 11.86 12.12
D-p6 4.148 8.179 11.34 12.01 12.25
D-l 4.099 8.002 11.01 11.63 11.86
D-l:1 3.873 7.735 10.92 11.61 11.86
D-l6 4.138 8.138 11.26 11.92 11.25

Table 9 Present analysis vs other ESLMs results: spherical panel
(case b: three-layer case, 90/0/90 deg)

R=a 1 2 5 10 100

F-R 3.259 5.305 6.425 6.625 6.692
H-R&L —— —— 6.769 7.033 7.124
H-K&al —— —— 6.625 6.862 6.944
H-K&al —— —— 6.625 6.806 6.886

Present ESLM
E-p 3.495 5.281 6.119 6.231 6.235
E-l 3.464 5.195 5.997 6.105 6.110
E-l:1 3.164 5.001 5.953 6.093 6.110
E-la 3.551 5.439 6.349 6.476 6.486
E-lb 3.454 5.192 6.002 6.109 6.110
E-lc 3.541 5.453 6.355 6.481 6.487

Present LWM
M-p 3.348 5.756 7.129 7.401 7.513
M-p:1 3.196 5.548 7.076 7.398 7.513
M-p9 3.479 5.574 7.128 7.401 7.513
M-l 3.466 5.728 7.094 7.366 7.478
M-l:1 3.182 5.521 7.042 7.531 7.477
M-l9 3.478 5.574 7.128 7.400 7.512
D-p 3.477 5.750 7.121 7.392 7.504
D-p:1 3.193 5.546 7.068 7.378 7.503
D-p9 3.479 5.754 7.128 7.401 7.513
D-l 3.442 5.652 6.972 7.233 7.341
D-l:1 3.157 5.456 6.921 7.220 7.391
D-l9 3.474 5.741 7/108 7.378 7.490

Donnell’s shallow-shell assumptions.The R=a increasingbetter re-
sults are furnished by Donnell descriptions.To con� rm the impor-
tance of the curvature terms in LW analysis one should observe the
lower discrepancy of the layerwise results related to the different
N ¤

l when R=a (i.e., R=h) increases.
A few additionalstudieshavebeenmade on the remaining� gures.

The effect of the orthotropic ratio Re for a four-layered cross-ply
spherical panel is considered in Fig. 11. The increasing role played
by the zig-zag effects becauseof increasinganisotropyis displayed.
For the Re D 40 case, the difference between the M-p and D-p re-
sults is barely evident. The transverse shear stress distribution of
the same problem has been plotted in Fig. 12. M-p values are given;
quite different results are found for different orthotropic ratios. The
well-known parabolic distribution is con� rmed for lower Re val-
ues. A sandwich constructionhas been considered in Fig. 13 as the
last problem. A three-layeredcross-plypanel (90=0=90 deg) is con-

Fig. 11 Effect of orthotropic ratio Re = EL /Et on the amplitude of in-
plane displacements ÄU® = U® £ (10ELh2/PNl

zt R3 ) vs z: spherical shell
with a/h = 5, R/h = 50; four-layer case.

Fig.12 Effect of orthotropicratio Re = EL /Et onthe amplitudeof trans-
verse shear stress ÃS®z = S®z £ (h/PNl

zt R) vs z: spherical shell with a/h = 5,
R/h = 50; four-layer case.

Fig. 13 Effect of face/core stiffness ratio Rf = (Ef
L/Ec

L ) on the amplitude
of in-plane displacements ÄU® = U® £ (100Ef

Th2 /PNl
zt R3) vs z: spherical

sandwich shell panel with a/h = 5, R/h = 50.

sidered. The face and core thickness are h f D 0:1h and hc D 0:8h,
respectively.Three different R f face/core stiffness ratio have been
investigated. Because of curvature and the normal stress effects,
the displacement� elds are not symmetric. As R f increases the dis-
placement� eld becomesconstant inside the core and the differences
between the M-p and D-p results become more evident.

As a drawback the layerwise description requires the use of un-
known variables, the number of which depends on the number of
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layers. Mixed analyses double with respect to models based on
displacement formulation. Such a drawback should be taken into
account wherever computational models, e.g., � nite element ap-
plications, have to be developed. Nevertheless, the most expensive
layerwiseanalysisperformedin this paper(which is basedon simply
closed-formsolutionprocedures) took only a few CPU secondson a
standard personal computer.A discussionon the simpli� ed theories
on these topicscan be read in Ref. 17, where a weak formof Hooke’s
law was introducedto formulatemixed models as equivalentsingle-
layer models. However, it is the author’s opinion that mixed layer-
wise analysis are required wherever accurate a priori descriptions
of transverse stress � eld are required. Furthermore, the proposed
theories preserve the advantages of two-dimensionalmodeling and
lead to an excellentagreementwith exact three-dimensionalresults.
This fact shouldencouragethe useof theproposedtheories to design
multilayered structures or their use to provide reference solutions
to assess simpli� ed models.

IV. Conclusions
This paper has evaluated the mixed-layer models that were pro-

posed in the companionpaper.The shell equationshavebeen solved
for the particular cases of orthotropic lamina cross-ply laminated
shells, loaded by a harmonic distribution of transverse pressure.
Theories based on displacement formulations have been imple-
mented for comparison purposes. Both layerwise and equivalent
single-layer models have been considered. Symmetrically and un-
symmetrically as well as sandwich shells have been investigated.
Three shell geometries have been investigated:1) circular cylindri-
cal panelsin cylindricalbendingforwhichexact solutionwere given
by Ren,2 2) circularcylindricalshells for which exact solutionswere
given by Varadan and Bhaskar,3 and 3) spherical square panels.

From the conductednumerical investigationsthe following main
conclusions emerge:

1) The ful� llment of the transverse shear and normal stress inter-
laminar equilibria has led to a better descriptionas far as the related
theory based on displacement formulations is concerned.Excellent
agreement has been found for both local and global values with
respect to exact solutions in thick shell analysis.

2) Such an excellent agreement has been extended to the trans-
verse shear and normal stresses. In contrast to other available mod-
elings, such stresses are herein evaluate a priori, e.g., without im-
plementing any postprocessingprocedures.

3) An accurate a priori evaluation of transverse stresses requires
a layerwise description.

4) In comparison to previous works related to � at geometries,
thick shell problems require an accuratedescriptionof the curvature
effects related to the radii to thickness ratio R=h. This fact has here
been accounted for by extensive use of � ctitious interfaces.
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